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I. INTRODUCTION

In this online appendix, we present the full derivationstaf pole dynamics and the nominal throw maneuver. The section
numbering is identical with the original paper.

II. SYSTEM DYNAMICS

If not explicitly mentioned otherwise, all vectors will bepressed in a stationary inertial franieFor the ease of notation,
vectors are expressed aguples(z1, zo, ...), with dimension and stacking clear from context.

B. Pole

The pole (see Fig. 1) is modelled as a thin rod of lergjth massm,,, and an inertia tensd® with respect to its center
of mass expressed in the pole fixed frafie
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We define the vectorgeX, Ief, andn to be the coordinate axis of the pole-fixed fratiie expressed in the inertial
frame I. We furthermore defingce’, Keé, and kel to be the coordinate axis that span the inertial fraimexpressed in
the pole-fixed framéy. The rotation matrixiR that maps a vector fronk to I is then given by
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Fig. 1. Inertial reference framé and the quadrocopter and pole with their
body-fixed coordinate frame8 and K, respectively. The quadrocopter control
inputs are a mass-normalized thrust along the body-fixed-axis and the
angular rate$Qq,z, Qq,y, Qq,2)-



The inertia tensor expressed in the inertial frafméaen simplifies to:
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This expression is used in (18) in the paper.

1) Free flight: The pole mass center position is representeg,by (x,, yp, z,) and its reduced attitude [1] is expressed
using the unit vector. pointing along the pole-axis. During flight, aerodynamic drag and gravity act uploa pole. Due
to the small cross section of the pole alongtaxis and the comparatively large cross section orthogtuné) the pole’s
drag properties depend heavily on its orientation. Consetly the drag force is split into two components: a forcehe
direction of the polez-axis and a force in itgy-plane. The drag forces themselves are modelled propatljoio the speed
squared:
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wherec. is the drag coefficient and(¢) is the velocity of a point on the pole at a distance{dirom the center. Given
the pole center velocity, and its angular rat€,, p(§) is given by:

p() = Pp +Qp x (En). (12)
The pole-fixedz- and zy-components of the velocity can then be calculated:

p=(€) = (p(&)"n) n (13)
The torque caused by the aerodynamic drag follows analogo(kl):
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The Newton-Euler equation for the pole in free flight yields

mpjjp = Fdrag,z + Fdrag,a:y — Mmpg (16)

© (1 —nn") Qp = Myrag. (17)

It follows from (15) that no torque is induced about the pglaxis and hence it is assumed that the angular rate about this
axis remains constant, i.e. the angular acceleration aleagole-fixedz-axis is zero:

T, = 0. (18)



In this case, the rotational dynamics (17) simplify to

© (1 —nn") Qp = Myrqq (19)
0Q, — OnnTQ, = Myya, (20)
@Qp = Md'r‘ag (21)
. 1
Qp = 6Md'r‘ag; (22)
which is (19) in the paper. The dynamics for the pole in freghtlican be written as
$p = folsp) (23)
with the pole states,, being defined as
Sp = (ppappa n, Qp) (24)
and f,, containing (16), (22) and the kinematic relation
n=Q,xn. (25)

2) On quadrocopter:in the case where the pole is in contact with a quadrocopter,dassumed that the pole is rigidly
attached to the quadrocopter’s mass center. The pole qogiten depends on the quadrocopter:

Pp = Ppg + Ln (26)

where we assume, without loss of generality, thabints from the quadrocopter towards the pole mass centbsegjuently,
the pole attitude is parametrized by the deflection of the peinter relative to its supporting point (see Fig. 2):

Ln= (a, b,\/I2 — a2 — b2) 27)

wherea denotes the deflection in the inertialdirection andb in the y-direction, respectively. The Lagrangian of the pole
is given by
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L = imppgpp + 5929 (1- nnT) Qp —mpgTpp (28)
with
) . .. . aa + bb
pp: <zq+a,yq+b,zqm>. (29)

The center termg Q7O (1 — nn™) Q, of (28) represents the kinetic energy when the pole rotatesthe angular rate of
the poleQ2, be expressed as the sum of an angular rate about thezpotes and an angular rate in the-plane:

Qp - Qp,z + Qp,zy' (30)
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Fig. 2. Quadrocopter-pole system with the pole balancedemtiadrocopter.
It is assumed that the pole is attached to the quadrocopmtenter of gravity.



By definition, the following properties hold:

Q) Qpay =0 (31)
nTQp7xy =0 (32)
(Qn)n=Q.. (33)
Inserting (30) into the kinetic energy for the rotating pglelds
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Because the pole has no moment of inertia about-&sis, rotating about it does add kinetic energy to the sysdad can
thus be left out. The component of the angular rate in the-fixdel xy-plane can be recovered from (25) using the triple
cross product expansion:

n=1.Q,Xxn (38)
nxn=(Q,xn)xn (39)
= (yn)n—(n'n) Qy (40)
= ((QnZ + Qp,ry)T ”) n—(Qpz+ Qpay) (41)
= Qp,z - Qp,z - Qp,zyv (42)
and finally
Qp oy =1 XN, (43)
which is (27) in the paper. The Lagrangian of the pole (28) ttars be written as
1 . 1
L = Emppgpp + 5(99;%(2,,7” - mpngp7 (44)
which is (25) in the paper. The nonlinear dynamics are ddraplying Lagrangian dynamics:
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dt(ab) b 0 (46)

resulting in the nonlinear equations

o (462 (a? — 12) — Sabab + 40® (17 — L2) + 3C3(g + 2,) ) + 3% (abi, + (a* — L2) &)

i@ = 4122 “n
b (452 (a2 — L2) — 8abab + 4a2 (b2 — L2) + 3¢3(g + éq)) +3¢2 (abiq + (b2 — L?) §ig)
b= 4L2C2 ’ (48)

wherep, = (%4, 94, 24) IS the acceleration of the quadrocopter mass centerfand/L? — a? — b? is the z-position of the
pole relative to its supporting point. The dynamics of thenbined quadrocopter-pole system can be described by

Sqp = fap(Sqp, tq), (49)
wheres,, is the combined quadrocopter-pole state
Sqp = (sq,a,b,d,l}) (50)

and f,, contains the quadrocopter dynamijf;sand the pole dynamics (47,48). These dynamics are (30) ipdper.
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Fig. 3. A simplified two-dimensional model of the quadro@gtole

system in thezz-plane. The pole attitude is parametrized by the tilt
angle a and the quadrocopter attitude is fully described by thehpitc

angled.
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Fig. 4. Free body diagram of the two dimensional quadrocemiée
system.

I11. NOMINAL MANEUVER DESIGN

A. Throw Maneuver

The throwing of the pole is designed to take place in the e@lrtiz-plane. We therefore use a simplified two-dimensional
guadrocopter-pole model with the quadrocopter Euler angle- ¢/ = 0 and the pole deflectioh = 0 (see Fig. 3). The

pole attitude is parametrized by the tilt angle
—sin (4)
« S (L .
The pole position (26) can then be written as
Tp = x4 + Lsina,
zp = zq + Lcosa,
and the pole acceleration is given by
#p = &, — L& sina + L cos a,

%, = %, — La® cosa — Lésin a.

(51)

(52)
(53)

(54)
(55)

Considering the free body diagram in Fig. 4, the Newton-Eatgiation for the pole yields

mpdy = Fy,
mpzp = F, —my,g,
O& = LsinaF, — LcosaFy,,

(56)
(57)
(58)

whereF,, and F, are the contact forces from the quadrocopter that act ondleeipx- andz-direction, respectively. Because
it is assumed that the pole has no impact on the quadrocoptemucs, the quadrocopter dynamics can be obtained by
evaluating (4) of the paper for the two dimensional case:

Zq = agsind, (59)

Zq=agc0s0 —g. (60)
Finally, inserting the pole kinematics (54,55) and the quoeadpter dynamics (59,60) into the pole dynamics (56-58)dg
the following expressions:

F, = 1+ 3sin? o) mya, sin@ — 4m, La? sin o + 3mypa, cos asin o cos 6) | (61)
pQq P pQq

F, = 1 + 3 cos? a) mya, cos @ — 4m, La2 cos o 4+ 3mpa, cos asin asin 0) . (62)
plq P plq
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Fig. 5. Throwing trajectory for a maneuver length f = 2.5s. The
final constraints,, 7 consists of positio{z,, z;) = (1.5m, 2.0 m), velocity
(Zq,2q) = (0.3ms™1,5.5ms™ 1), attitudes(, §) = (0.48 rad, —0.48 rad),
and angular raté = 2.5rad s~*, and with the final control input, 7 being
(aq,Qq,y) = (4.48ms~2,2.5rads™1).

The normal force between the quadrocopter and pole is thempeted by projecting the forceg, and F, onto the
guadrocoptee-axis:

Fn(sgp, ug) = sin0F; + cos 0 F, (63)
Fn(8qp,tq) =My (aq — %aq sin?(a — 0) — La? cos(a — 9)) : (64)

Equation (64) replaces (33) in the papefor the pendulum to be launched off the vehidig; < 0 is required. We note
that, as discussed in Section Il of the pajgr> 0. The pole can therefore not be thrown vertically, but musateelerated
to a sufficiently high rotational raté.

We generate a trajectory to maneuver the quadrocopter fretatimnary starting point to a state at which the pole leaves
the quadrocopter, using optimal control methods:

minimize [\ 1.5a(t)% + (aq(t) — ) + 80y, (t)2dt
subject to Sqp(t) = fap(Sqp(t), uq(t))
Uq,min < Uq(t) < Ug,max 65
0% Fiy 50y 1), g (1) ©
sqp(t =0) =0
sgp(t =T) = sgp,1,
The initial constraint represents the quadrocopter hagesit the origin with the pole balanced in the equilibriumipos.
The final states,, r is a design parameter, that, in combination with a controlitr, 7, must satisfyF'y (sqp, 7, ug, 1) = 0.
The cost function is designed so as to yield a smooth throwimgctory. A solution to the optimization problem (65) for
a trajectory duratiod” = 2.5s is shown in Fig. 5.
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INote that (33) in the paper is incorrect and should be regdladth (64) of the online appendix.



